On the number of D-optimal designs  by Cohn, J.H.E
JOURNAL OF COMBINATORIAL THEORY, Series A 66, 214-225 (1994) 
On the Number of D-Optimal Designs 
J. H. E. COHN* 
Department ofMathematics, RHBNC, Egham, Surrey TW20 OEX, England 
Communicated by Victor Klee 
Received February 15, 1992 
There is only one essentially different D-optimal design for each order n = 2, 6, 
10, and 14, but three such designs for n = 18. @ 1994 Academic Press, Inc. 
It was shown by Ehlich [5] that for n---2 (mod 4) the absolute value 
taken by the determinant of any n x n matrix with elements ___ 1 satisfies 
g(n) <<. (2n-  2 ) (n -  2) (1/2)(n- ~) and that equality is possible only if 2n -  2 -  
X2 +y2,  where x >~y ~> 0 are integers. We consider here the question of 
determining for each such n ~< 18, for all of which equality is possible, how 
many essentially different matrices G give equality. 
Let m = ½n. If equality holds for a matrix G, we have shown in [3] that 
using a combination of the operations of multiplying a row (or column) of 
G by -1  and permuting rows (or columns) of G, we can reduce G to a 
form 
;] 
where X, Y, Z, and W are m x m matrices, such that each of J~ and W has 
the sum of any row and of any column equal to x, Y has the sum of any row 
or any column equal to y, and Z has the sum of any row or column equal 
to -y ,  that XZ'  + YW'  = X 'Y+ Z 'W= 0 and that XX'  + YY',  ZZ '  + WW',  
X 'X+ Z'Z, and Y 'Y+ W'W all equal (n -  2 ) I+  2U, where U is the matrix 
with all its elements equal to 1. 
In what follows, we always assume this done. There are, however, still 
some unused symmetries available, and we consider two matrices equiv- 
alent if one can be obtained from the other by any combination of: 
1. a row permutation i volving only the first m or the last m rows; 
2. a column permutation similarly; 
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3. replacing X and W by their transposes and Y and Z by -Z '  and 
- Y', respectively; 
4. interchanging X and W, and replacing Y and Z by -Z  and - Y, 
respectively. 
The search for such matrices has usually concentrated on trying to find 
an example of a particularly simple sort, in which X and Y are circulants, 
with Z = - Y' and W= X'. Since any two circulants commute, the six rela- 
tions above reduce to the single one XX'+ YY '= (n -2 ) I+2U.  Such a 
matrix is said to be of circulant type. Various authors [1-13] have shown 
the existence of a suitable circulant type G for many of the values of n for 
which Ehlich's condition holds. Recently there has been some work to 
determine how many essentially different circulant type matrices exist for 
various values of n [6]; in particular, there is only one such matrix for 
n~<18. 
This left open the question whether all such matrices were essentially of 
this type. There is no a priori reason for supposing this to be the case, but 
a simple argument suffices to show that it is for n ~< 14. We give a proof for 
n = 14; the other cases are very easy. 
We find with n=14 that x=5,  y=l ,  and so each of Xand Whas  
precisely one -1  in each of its rows and columns. Then permuting the 
first seven columns of G as necessary reduces X to U-2L  and similarly 
we may take W= U-2L  Thus X and W are equal, symmetrical, and non- 
singular. As Y has each row sum and each column sum equal to 1, we 
find XY=U-2Y=YX and similarly XZ'=Z'X=-U-2Z ' ;  thus, 
XZ' + YW'  = O gives immediately Z '  = - Y. Since XX' = 3U+ 4/, we still 
require YY' = 8 I -  U. 
We next observe that if we interchange two rows of Y, say rows r and 
s, this will not change W, although it will change X. However, in view of 
the form that X had, interchanging columns r and s of X will restore X to 
its previous form, again without affecting W. Thus we can ignore X and W 
for the moment, and permute the rows of Y as we wish--similarly for the 
columns of Y. We show that with such permutations, Y can be reduced to 
the circulant { - ,  - ,  +,  - ,  +, +, + }. 
As each row of Y has just three entries -1 ,  permuting columns of Y as 
necessary, we ensure that the first row is , , + , - ,  +,  +,  + as 
required. Next we find from YY' = 81-  U that the inner product of any 
two different rows of Y is -1 ,  and hence that precisely one column of Y 
has an entry -1  in both rows. Thus the second row of Y has entry -1  in 
precisely one of columns 1, 2, and 4. Interchanging these columns if 
necessary, we may assume it to be column 2. Then there are two more 
entries -1 ,  to be found in columns 3, 5, 6, or 7, and again interchanging 
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these as necessary we may assume them to be 3 and 5. Thus the first two 
rows of Y become 
+ - + + + 
+ + - + + . 
There are now two further rows of Y which have entry -1  in column 3. 
Interchanging rows if necessary, we can ensure that row 3 is one of them. 
It will then have entry + 1 in columns 2 and 5, and precisely one of the 
entries in columns 1 and 4 will be -1 .  Interchanging these columns if 
necessary, we can ensure that it is in column 4. We then find that the third 
entry -1  in this row must be in either column 6 or 7, and without loss of 
generality can assume it to be column 6. Thus the first three rows can be 
taken to be 
+ - + + + 
+ + - + + 
+ + + - + . 
We now consider the 
must have precisely: 
one such entry in 
one such entry in 
one such entry in 
remaining four rows. Each has three entries -1  and 
columns 1, 2, and 4; 
columns 2, 3, and 5; 
columns 3, 4, and 6. 
It is easily seen that there are only four possibilities for these four rows, 
viz., to have entries -1  in columns 4, 5, and 7; or 1, 5, and 6; or 2, 6, and 
7, or 1, 3, and 7. Thus these four rows have these entries in some order, and 
by rearranging the rows as necessary, we can ensure that we have them in 
this order. 
This concludes the proof. 
Before considering the case n = 18, which turns out to be entirely dif- 
ferent, we make the observation that there is another possible type of 
matrix which might be considered: the matrix 
in which XX'  + YY '  = X 'X+ Y 'Y= (n - 2)•+ 2U, XY' = YX '  and X'Y= Y 'X  
would also satisfy all the conditions. It is easily seen that any circulant 
type matrix is equivalent to one belonging to this type, which we call skew. 
For let R denote the m × m matrix having entries 1 in the rth row and 
ON THE NUMBER OF D-OPTIMAL DESIGNS 217 
(m + 1 -  r)th column for 1 ~< r~< m and 0 elsewhere. Then premultipling a
matrix by R has the effect of reversing its rows, whilst postmultiplying by 
R reverses its columns. Since R2=/ ,  we find that if X, Y are circulants then 
RXR = X' and R Y= Y'R, and so since 
any circulant matrix is equivalent o one of skew type. The converse is 
false, as the following result shows. 
THEOREM. For n=18,  there are precisely three essentially different 
matrices having the maximum determinant. Only one of these is of the eir- 
culant type, but all are of the skew type. 
Proof. For n = 18, we obtain x --- 5, y = 3. So every row and column of 
X contains precisely two elements -1 ,  and every row and column of I1, 
three. Thus every element of XX'  is 9, 5, or 1 and of YY'  is 9, 5, 1, or -3 .  
Since every off-diagonal element of XX'  + YY'  must be 2, this implies that 
the corresponding off-diagonal elements of XX'  and of YY'  must be either 
5 and -3  or 1 and 1, respectively. It is therefore impossible that the entries 
-1  in two distinct rows of X can be in the same two columns. 
By interchanging columns of X as necessary, we can arrange for the two 
entries - 1 in the first row of X" to occur in its first two columns. Then we 
interchange the other row of X which has -1  in its second column with 
the second row to ensure that the second row will have -1  in its second 
column, and a further entry -1  which does not fall in the first. Without 
loss of generality we can take this to be in the third column, and then let 
the third row have -1  in its third column but not in its second. We 
proceed in like fashion until we arrive at a row having its second - 1 in the 
first column. 
If this row happens to be the ninth, then X will be circulant, but this 
need not be the case. If not, suppose that this happens in the rth row. As 
we have seen, r/> 3 and it is easily seen that r ¢ 8, since otherwise the ninth 
row could not have two entries - 1; nor can r = 7, otherwise the final two 
rows would both have both their -1  entries in the final two columns. We 
then proceed in like fashion starting with the ( r+ 1)th row, and find that 
we reduce X to a matrix consisting entirely of entries + 1 except in 
"circulant blocks" along the leading diagonal; each such block has its first 
row { -  - + + .-. }, each has length at least 3, and together their lengths 
total 9. Without loss of generality we can assume them to be ordered in 
decreasing length. Summing up, we see that the form of X is determined by 
the lengths of these blocks; the various parameters which it appears might 
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be possible here are 9; 6, 3; 5, 4; and 3, 3, 3. It will transpire that 5, 4 is 
impossible and that there is precisely one essentially different matrix corre- 
sponding to each of the other three. 
We dismiss the case 5, 4 first of all. If X were of that form, then we 
should find that the first five rows of XX' were 
9 5 1 t 5 1 1 1 1 
5 9 5 1 1 1 1 1 1 
1 5 9 5 1 1 1 1 1 
1 1 5 9 5 1 1 1 1 
5 1 1 5 9 1 1 1 1 , 
and therefore that YY' would have as its first five rows 
9 -3  1 1 -3  1 1 1 1 
-3  9 -3  1 1 1 1 1 1 
1 -3  9 -3  1 1 1 1 1 
1 1 -3  9 -3  1 1 1 1 
-3  1 1 -3  9 1 1 1 1 
Now we may permute columns of Y without affecting YY', and as each 
row contains just three entries -1 ,  we may assume without loss of 
generality that the first row of Y has its -1  entries in the first three 
columns. Then since the inner product of the first two rows is -3 ,  it 
follows that the second row of Y has none of its entries in the first three 
columns, and without loss of generality we may assume them to be in 
columns 4, 5, and 6. Similarly, the fifth row of Y has none of its - 1 entries 
in columns 1, 2, or 3, and since the inner product of the second and fifth 
rows of Y is 1, it follows that precisely one of the -1  entries in the fifth 
row will be in one of the columns 4, 5, or 6. Hence we may assume them 
to be in columns 4, 7, and 8. Also, the third row of Y has entries + 1 in 
columns 4, 5, and 6; it has precisely one -1  in columns 1, 2, and 3, 
without loss of generality in column 1, and since its inner product with the 
fifth row is 1, it has precisely one -1  entry in columns 7 and 8, without 
loss of generality in column 7, with the remaining -1  in column 9. Thus 
columns 1, 7, and 9 have entries + 1 in the fourth row. We now have the 
following information: 
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+ + + + + + 
+ + + + + + 
- + + + + + - + - 
+ + + + + 
+ + + - + + + 
Of the four possible columns in which the fourth row might still have 
entries - 1, we cannot have - 1 in both the second and the third, otherwise 
the inner product with the first row would not be 1, and we cannot have 
-1  in both the fifth and sixth columns, otherwise the inner product with 
the second row would not be 1. Thus this case cannot arise at all. 
We consider the 9 case next. Then X is the circulant { -  - + + 
+ + + + +},  XX'  the symmetric circulant {9, 5 ,1 ,1 ,1 ,1 ,1 ,1 ,5} ,  
and YY'  {9, -3 ,  1, 1, 1, 1, 1, 1, -3} .  Thus the inner product of any two 
adjacent rows of Y is -3 ,  which implies that none of the three entries 
-1  in two such rows lie in the same column, whereas the inner product of 
any two distinct non-adjacent rows is + 1, which means that precisely one 
pair of -1  entries in such rows lies in the same column. Proceeding in 
analogous fashion to that above we find without loss of generality the 
following information: 
- + + ÷ ÷ + + 
+ ÷ ÷ + + + 
- ÷ + ÷ ÷ ÷ ÷ 
+ - + - + ÷ ÷ ÷ - 
+ + - + - + - + + 
+ + + 
+ + + . ° 
Now consider the sixth row. Considering the inner product of this row 
with each of the first four in turn, we find that there must be precisely: 
one entry -1  in columns i and 2; 
one entry -1  in columns 4 and 6; 
one entry -1  in columns 1 and 8; 
one entry -1  in columns 2, 4, and 9. 
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There are two ways in this may done: the three entries must be in either 
columns 1, 6, and 9 or in columns 2, 6, and 8. 
Considering the former first, we obtain a complete d iagram without 
difficulty, as follows: 
4, 4. 4, 4, 4, 4, 
4, 4. 4, 4, 4, 4, 
- 4, 4. 4. 4, 4. 4. 
4, - 4, - 4, 4, 4, 4, - 
4, 4, - 4, - 4, - 4. 4. 
- 4. 4, 4, 4. - 4, 4. - 
4. 4. 4, 4, 4, - 4, 
4, - 4. 4, 4, 4. 4. 
4, 4, 4. 4, - 4. 4, 
Then by rearranging the columns so that the new order is the old column 
numbers 1, 4, 7, 9, 3, 6, 8, 2, and 5, we see that we may take Y to be cir- 
culant { -  + 4, + - + + - 4.}, Y1 say. In the same way, the other 
choice yields Y2 = Y]. 
In either case, Y 'Y  = YY '  and so W'W= XX'.  Thus permuting the rows 
of W we can reduce W to X', and then the relation ZX'4 ,  WY '= 0 gives 
Z=-Y ' .  
Thus up to the above equivalences, we obtain precisely one matr ix of 
circulant ype. 
We next consider the case 6, 3. Then we may take X to be 
+ + + 4, 4, 4. 4, 
4, 4, 4, 4. 4. 4, 4. 
4. 4. 4. 4. 4. 4. 4. 
4. 4, 4. 4. 4. 4, 4- 
4. 4. 4, 4, 4. 4. 4, 
- -  4. 4. 4, 4, - -  4. 4, 4, 
4. 4. 4. 4. 4- 4. 4. 
+ 4. 4. 4. 4. 4. 4, 
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and then because the inner product of each of the remaining three rows with 
each of these six must be + 1, we find that for each of them we get six 
statements that they have precisely one entry - 1 in columns 1, 2, and 3, one 
entry - 1 in columns 4, 5, and 6 ..... We find that there are exactly four pat- 
terns for the position of the entries - 1 in these three rows, viz., in columns 
1, 6, and 8; or 3, 5, and 7; or 2, 4, and 9; or 2, 6, and 7. Now the last of these 
four is incompatible with any of the first three, since it would fail to give the 
inner product - 3. Thus the last three rows must consist of the other three 
in some order. Without loss of generality, we may take the order to be that 
stated, for we may permute the order of the last three rows of both X and 
Y as required, and then restore X to its original pattern by permuting its last 
three columns. Thus Y is essentially unique, and now by permuting its 
columns, it may be taken to be the symmetric matrix 
- -  + - -  + + + - -  + + 
+ -- + + + -- + + - -  
- -  + + + - -  + + - -  + 
+ + + -- + + + 
+ + - + - + + + - 
+ - + - + + + - + 
- + + - + + + + - 
+ + - + + - + - + 
+ - + + - + - + + 
It then follows that Y 'Y= YY '  and hence that W'W= XX ' .  Using only 
row permutations on W it then follows that we can take W= X. Also 
XY = YX '  and so the relation ZX'  + WY'  = O gives ZX'  = - XY  = - YX ' ,  
which is satisfied by Z = - Y. 
Unfortunately, we cannot simply cancel X'  to prove Z = -¥ ,  since the 
matrix i "  is singular. However, the only eigenvectors of X corresponding to 
the eigenvalue 0 are multiples of ~ = (1, - 1, 1, - 1, 1, - 1, 0, 0, 0)', and so 
every row of Z+ Y must be a multiple of 4'. If the rth row of Z+ Y were 
kr ~', then since Y = Y', Y~ = -44 ,  ZZ'  = YY ' ,  and ~'~ = 6, we find without 
difficulty that kr = 0, since every element of Z+ Y must be an integer. Thus 
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We now consider the possible form for Y. As before we find easily enough 
that the first six rows can be taken to be 
4, 4, 4- 
4, + 4, 
4- 4- 4- 4. 4- 4.  
- 4 ,  4- - 4- 4_ 
4 .  - 4- 4. - 4- 
4- 4- - 4. 4, - 
4, 4- 4, 
4- 4. 4, 
- + 4- 
4 ,  - 4. 
4, 4- - 
and now proceeding as before we find that for the final three rows, there are 
just six ways in which the entries - 1 might be placed, viz., in columns 1, 5, 
and 9; or 1, 6, and 8; or 2, 4, and 9; or 2, 6, and 7; or 3, 4, and 8; or 3, 5, 
and 7. The three rows can be now be selected together in one of only two 
ways, apart  from order, 
e i ther  
or  
2, 4, and 9; 1, 6, and 8; 3, 5, and 7; 
1, 5, and 9; 2, 6, and 7; 3, 4, and 8. 
As before we may assume without loss of generality that the order is as 
stated above, since we can again interchange the last three rows of both X 
and Y as required and then restore the form of X by interchanging its 
last three rows. In this case we can do the same to the first three and the 
middle rows too, and in this way reduce the second possibi l i ty to the first 
by suitable permutations.  Thus we obtain just one case, 
+ 4- 4. 4. 4- 4- 
4- 4. 4- 4- 4- 4- 
4- 4. 4- 4- 4- 4- 
- -  4-  4- - -  4-  4- - -  4-  4 ,  
4-  -- 4- 4- -- 4- 4, -- 4, 
4- 4. -- 4- 4- -- 4- 4- -- 
4- -- 4- -- 4, 4, 4- 4- - -  
- -  4-  4- 4- 4-  - -  4- - -  4- 
4- 4- -- 4- -- 4- -- 4, 4- 
ON THE NUMBER OF D-OPTIMAL DESIGNS 
and then  a fu r ther  permutat ion  of the co lumns  gives for Y 
+ + - + - + + - + 
+ - + - + + - + + 
- + + + + - + + - 
+ - + + + - + - + 
- + + + - + - + + 
+ + + + + + - 
+ - + + - + + + - 
- + + - + + + - + 
+ + - + + + + 
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Aga in  Y= Y', and  XY= XY ' .  Thus  W' W= XX ' ,  and a permutat ion  of the 
rows  of  Wy ie lds  W= X. F ina l ly ,  we obta in  -ZX '  = WY'  = XY '  = YX ' ,  and 
so Z = - Y s ince here X '  is non-s ingu lar .  
Th is  conc ludes  the proof.  
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